Frequency-dependent fluid flow in electrolytes on microelectrodes subjected to ac voltages has recently been reported. The fluid flow is predominant at frequencies of the order of the relaxation frequency of the electrodeelectrolyte system. The mechanism responsible for this motion has been termed ac electro-osmosis: a continuous flow driven by the interaction of the oscillating electric field and the charge at the diffuse double layer on the electrodes. This paper develops the basis of a theoretical approach to this problem using a linear double layer analysis. The theoretical results are compared with the experiments, and a good correlation is found.
I. INTRODUCTION
In recent publications the experimental observation of a new type of fluid flow in electrolytes on microelectrodes energized with ac electric fields has been reported, a phenomenon termed ac electro-osmosis ͓1-3͔. The presence of a highly divergent ac electric field on an electrode induces a fluid flow across the electrode surface. A detailed series of experiments were performed in order to characterize the fluid behavior as a function of frequency, voltage, and conductivity, and the results were presented in our previous paper ͓4͔. The direction of the flow is always from the electrode edge, onto the surface of the electrode. The magnitude of the fluid velocity is frequency dependent, tending to zero at low and high frequency limits. The fluid velocity peaks at a characteristic frequency which is a function of medium conductivity and distance from the electrode edge ͓4͔.
The fluid flow is assumed to have its origin in the interaction of the electric field and the induced free charge in the double layer on the electrodes. A simple circuit model ͓3͔ was developed to account for the experimental results, and was found to qualitatively explain the observed flow ͓4͔. However, in order to quantitatively describe the fluid velocity, an analysis from first principles is required. Recent publications also reported movement of particles close to electrode surfaces, and attributed the movement to fluid flow ͑due to electrical forces in the double layer͒ rather than electrical forces acting directly on the particles ͓5,6͔.
In this paper a linear analysis of ac electro-osmosis in a geometry similar to the experimental electrodes is presented. First, some assumptions and simplifications are made using physical aspects of the experiments. This leads to the decoupling of the electrical problem from the fluid problem. The electrical problem is then studied using the thin double-layer approximation. The electrohydrodynamic fluid equations are examined, and the ac electro-osmotic velocity derived. The theoretical results are then compared with the experimental data, demonstrating a good correlation. Finally, some conclusions are drawn, and further refinements to the model are discussed.
Basic assumptions and simplifications
The experimental system consisted of two coplanar rectangular electrodes 2 mm long and 100 m wide, separated by a 25 m gap ͓4͔. Aqueous solutions of KCl were used because of the symmetry, both in valency and mobility, of the K ϩ and Cl Ϫ ions. The electrode length is much greater than the width. The system can therefore be simplified to two dimensions, as shown in Fig. 1 . The x axis lies parallel to the electrode surface and perpendicular to the gap, with xϭ0 defined to be at the center of the gap. The y axis is perpendicular to the electrode surface, with yϭ0 defined to be at the surface. In order to obtain an analytical solution, the electrodes are assumed to be semi-infinite with an infinitely small gap. This assumption produces a singularity at xϭ0 and yϭ0, and *Author to whom correspondence should be addressed. Electronic address: ramos@cica.es incorrect values at large x. However, only the solution at intermediate distances, which correspond to the physical dimensions of the electrodes, is considered.
The equations which describe the system are further simplified by considering a symmetrical electrolyte. This is a reasonable consideration since the difference in the mobilities of the K ϩ and Cl Ϫ ions is approximately 4% ͓7͔. The electrodes are assumed to be ideally polarizable, i.e., the free charge flow from the electrodes to the electrolyte is neglected. Chemical reactions at the electrode surface can be an important consideration in the determination of the electrode polarization. However, measurements of the electrode impedance show that the impedance grows as the frequency decreases, implying that ideally polarizable electrodes may be a valid simplification. Therefore, this paper concentrates on developing a theory based solely on the electrolyte response.
The fixed surface potential of the electrodes and the applied ac potential are assumed to be small, so that a linear approximation can be made. As a result, an analytical solution can be obtained to explain the experimental observations, and to suggest approaches for a generalization of the equations to the nonlinear case. Although in the experiments ͓4͔ the potential drop across the diffuse double layer is probably much greater than k B T/eӍ25 mV ͓8͔, nevertheless insights into the phenomena can be obtained from the linear analytical solution.
Finally, the convection current is assumed to be much smaller than the conduction current induced by the applied electric field. For typical experimental conditions ͓4͔ and for a field of 10 5 V/m, the ion velocity is of order 1 cm/s and the observed liquid velocities are lower than 0.05 cm/s. In fact, the ratio between convection and conduction currents is even smaller, since the conduction current is greater in the double layer, where the charge density is not negligible. As a result, the convection current is neglected in the calculation of the electrical current density. Therefore, the electrical problem can be solved independently of the velocity field and the solution inserted into the equations for the fluid motion.
II. ELECTRICAL PROBLEM

A. Basic equations
The electric potential is related to the positive and negative ion densities n ϩ and n Ϫ by Poisson's equation:
and two ion number conservation equations
where the ion density currents J Ϯ are given by
u is the liquid velocity, e is the electronic charge, ⑀ is the permittivity of the fluid, and and D are the mobility and diffusion coefficients of the ions, respectively. The ionic flux ͓Eq. ͑3͔͒ consists of three terms: electric drift, diffusion, and drift due to the fluid motion. The last term is the convection current, which is neglected as discussed previously. These equations have the following boundary conditions. At the electrodes (yϭ0), the electric potential is a combination of the static surface potential, 0 , and an imposed alternating voltage of amplitude V 0 :
͑4͒
We have assumed that the imposed voltage does not affect the surface potential.
Since the electrodes are ideally polarizable, the normal components of the ion density currents vanish at the electrodes
Finally, as y→ϱ, the electric field vanishes and the ion densities tend to their equilibrium values:
B. Scales and parameters
For convenience the equations will be made nondimensional. First, two linear combinations of the ion densities, the charge density ͑͒ and the mean ion density ͑n͒, are defined:
The magnitude of each variable can then be scaled as follows:
where ϭ2n 0 e is the conductivity, n 0 is the ion number density of the bulk fluid, is the applied frequency, k B is Boltzmann's constant, and T is the absolute temperature.
Since the rates of change of each variable are very different, the spatial coordinates are scaled using two distinct quantities. For the y axis the ͑static͒ Debye length D , the typical scale for the decay of charge density, is used. For the x axis, a length L is used, a scale characteristic of the experiments that reflects the changes in the potential along the electrodes. For the experimental setup described in our previous paper, L is approximately 1000 times greater than D . Using these scales, the system depends on four dimensionless parameters:
. ͑10͒
The parameter ␦ is small, of order 1 1000 in this case. This allows the thin layer approximation ␦Ӷ1 to be used ͓9,10͔.
The resulting nondimensional equations are ͑dropping the primes͒:
with boundary conditions
͑16͒
C. Linear approximation
The complete system is nonlinear, and its solution is not trivial. To linearize it, both 0 and V 0 are assumed to be small quantities. In this limit, both the electric potential and the charge density are similarly small. The mean ion density differs only slightly from unity ͑its value far from the electrodes͒, and can be written as nϭ1ϩc, with cӶ1. In the linear system the superposition principle can be applied, and each function written as the sum of a static and an oscillating part. The static part is denoted by a subscript s.
The static equations reduce to those for a simple double layer in the Debye-Hückel approximation
The solution of this system is simply
This result shows that the static potential and charge density depend only on the y coordinate. This distribution does not produce stresses in the liquid, and can therefore be ignored. For the oscillating part of the system, complex amplitudes can be used instead of time-dependent functions, i.e., f, where a general function is f (t)ϭRe"f exp(it)…. From the boundary conditions it can be concluded that both the electric potential and the charge density are odd functions of x, and we restrict ourselves to the region xϾ0.
The equations are
and the decoupled density equation
The solution for the second problem is simply
cϭ0. ͑29͒
This result and the decoupling of the equations imply that the typical diffusion length scale Ϫ1/2 disappears from this problem. This is a consequence of the assumption of a symmetrical electrolyte and linearity. In general ͓10,11͔, the equations cannot be decoupled.
D. Thin double-layer approximation
The linear equations for and ͓Eqs. ͑23͒ and ͑24͔͒ can be completely solved for the prescribed boundary conditions ͑see the Appendix͒. However, it is more useful to use an approximate version derived using the matched asymptotic expansion method ͑also used, in a similar context, in Ref.
͓12͔͒ since this is suitable for generalization to other electrode geometries.
In this approximation there are two different length scales. The small scale, corresponding to the Debye length, over which the charge density goes from its maximum value, close to the electrodes, to zero, corresponding to the bulk. The electrical stress is concentrated in distances of this order above the electrodes. The large scale is ''macroscopic,'' corresponding to the characteristic dimension of the electrodes and the variations of the electric field. This scale describes the tangential field that acts on the charge density. The ratio of these two scales is the previously defined quantity ␦.
Two scaled coordinates can then be defined: the ''inner'' y ͑to be used near the electrodes, where yϳ1͒, and the ''outer'' Y ϭ␦y ͑to describe the bulk, where yϳ1/␦͒. The corresponding inner and outer electric potential functions will be denoted by and ⌽.
The inner and outer charge densities are denoted by and R. As will be shown, the solution for the inner density is an exponentially decreasing function. The outer charge density therefore obeys a linear equation with homogeneous boundary conditions at infinity and at the outer limit of the double layer ͑since it must match an exponentially small function͒. As a result, the solution is Rϭ0 and only the inner charge density needs to be considered.
The equations are second order, and terms up to first order in ␦ must be retained to match inner and outer solutions. The equations for the inner problem are
with the boundary conditions at yϭ0
For the outer problem, the only equation is Laplace's equation
The matching conditions require the solutions to be tangent up to first order in ␦ in the overlapping region. Therefore,
The solution for the inner problem is
where sϭͱ1ϩi, Re͑s ͒Ͼ0. ͑38͒
Imposing the boundary conditions at yϭ0 gives
For the outer problem the solution must now satisfy the matching conditions
A boundary condition for the outer potential at Y ϭ0 can be obtained by eliminating A from the previous two equations:
where
The second term in Eq. ͑42͒ is the potential drop across the double layer. Therefore, the boundary condition for the outer potential is simply the sum of the applied voltage and the potential drop. For low frequencies, below the charge relaxation frequency, this potential drop is equal to that for a capacitance per unit area of value ⑀/ D . As a result, a circuit model can be used to represent the whole system ͓3͔. However, this circuit is not enough to calculate the forces, since details about the structure of the double layer are required.
For the outer potential, Laplace's equation can be solved using the Fourier sine transform
Near the electrodes, this reduces to In general, models for the double layer include a compact layer of relatively immobile ions at the electrode surface. In the simplest Gouy-Stern model for the double layer, the compact layer consists of hydrated ions and the potential varies linearly, giving a fixed capacitance per unit area. In addition, the inclusion of an extra capacitance means that it is possible to analyze a system of electrodes covered with a layer of insulator (Si 3 N 4 ) ͓2͔.
Consider a compact layer with mean height h in units of D and mean permittivity ⑀ c in units of ⑀. Since h is very small, the oscillating part of the potential in the compact layer can be written as a linear function of the coordinate y:
Here B is a constant given by the boundary conditions, and the electrode is now located at yϭϪh, so that the diffuse double layer still starts at yϭ0. The ions in the Stern layer are assumed to be immobile, so that there is no free charge flow to the diffuse layer due to the oscillating potential. The displacement current is therefore continuous at yϭ0, and the new boundary condition for the electric potential in the diffuse layer at yϭ0 can be written as
Normally what is obtained experimentally is the capacitance per unit area for the compact layer ⑀ c /h ͓8͔. Taking Eq. ͑52͒ into account, the asymptotic matching conditions give a boundary condition for the outer potential at Y ϭ0, which can still be written as Eq. ͑42͒ where ⍀ is now given by
.
͑53͒
The charge density and potential in the diffuse double layer are then
. ͑55͒
F. Generalization to other electrode geometries
This method can be generalized to the case of more complicated electrodes and three-dimensional problems, provided that the double layer width is much smaller than the typical dimension of the electrodes. In this case, Laplace's equation should be solved in the large-scale domain using the mixed boundary condition given in Eq. ͑42͒. The asymptotic matching conditions, together with the boundary conditions for the inner problem at yϭ0, can be used to give a solution for the inner potential and charge density as functions of the potential drop across the double layer:
Here ⍀ is given by Eqs. ͑43͒ or ͑53͒ depending on whether or not the Stern layer is included. Given the charge density and the potential in the diffuse layer, the electrical stress on the fluid can be calculated.
III. LIQUID MOTION
The ac electro-osmotic flow arises from the stress produced by the interaction of the electric field and the charge density, balanced by viscous friction. As the charge density is nonzero only inside the double layer, the electrical stress is determined by the inner solution. In the linear limit, both the charge density and the electric field are harmonic oscillating functions. The product of these functions gives the electric stress, which has a nonzero time average. Therefore, there is a continuous flow in the ac regime.
There is an alternating motion superimposed on this continuous flow, resulting from the coupling between the static and oscillating solutions. The frequency of this motion is the same as the applied voltage ͑in the range 10 2 -10 5 Hz͒ and practically unobservable in the experiments ͓4͔.
The liquid motion is governed by the incompressibility and Navier-Stokes equations
where u is the liquid velocity, E the electric field, m the mass density, the dynamic viscosity and p the pressure.
The steady flow is given by the time average of these equations.
For microelectrodes, a typical length is Lϳ2ϫ10 Ϫ5 m, the maximum velocity is uϳ5ϫ10 Ϫ4 m/s, and the kinematic viscosity is ϭ/ m ϭ10 Ϫ6 m 2 /s ͓4͔. Therefore, the Reynolds number can be estimated to be at maximum of the order of uL/ϳ10 Ϫ2 , and the fluid can be considered to be noninertial. In this limit, the time-averaged equations are ‫ץ‬u ‫ץ‬x ϩ ‫ץ‬w ‫ץ‬y ϭ0, ͑60͒
where u and w denote the components of the liquid velocity tangential and normal to the electrode surface, respectively. The liquid motion is governed by the electrical stress and the pressure gradient. Using the same scales as before ͓Eqs. ͑8͒ and ͑9͔͒, the scales for the pressure and liquid velocity can be deduced from Eqs. ͑60͒ and ͑61͒ as ͑66͒. This is a consequence of the incompressibility equation ͑60͒ and the null normal velocity condition at the electrodes. The time average of the product of two harmonic functions, described by complex amplitudes, is
where g* indicates the complex conjugate of g. 
͑70͒
The expressions for stress and liquid velocity can be simplified if Ӷ1. The experiments show that the maximum velocity is observed when is of the order of ␦ ͑in dimensional form, ϳ D /⑀x͒ ͓4͔. In addition, this restriction can be justified by considering that ϳ1 or greater implies ⍀ӷ1, from Eqs. ͑43͒ and ͑53͒. From the boundary condition ͑42͒, ⍀ӷ1 implies that
i.e., there is no potential dropped across the double layer and the charge density tends to zero, as does the electrical stress. As a result, the problem can be restricted to the regime where Ӷ1.
In this case,
⍀Ӎ ␦ ⌳, ͑72͒
where ⌳ϭ1 for the simple diffuse layer and ⌳ϭ1/(1 ϩh/⑀ c ) including the Stern layer. Neglecting terms of first order in ␦, the potential and charge density in the diffuse layer are given by
The pressure distribution reduces to
and the equation for the tangential velocity ͑70͒ becomes
Integrating this equation twice and applying the boundary conditions of null velocity at yϭ0 and null derivative at y →ϱ gives the ac electro-osmotic velocity outside the double layer,
or, in dimensional form,
where now ⌳ϭ1 for the simple diffuse layer and 1/(1 ϩh⑀/ D ⑀ c ) when including the Stern layer. According to this expression, the effect of the Stern layer is to reduce the velocity by the factor ⌳ and increase the frequency of maximum velocity by the same factor. As discussed in Sec. II F, a general form of Eq. ͑78͒ can be obtained for other electrode geometries, provided that the double layer width is much smaller than the typical dimension of the electrodes and the linear approximation still applies. From the potential and charge density expressions, the electro-osmotic velocity can be derived as
where ⌬V is the potential drop across the double layer and " s denotes a gradient across the electrode surface. According to this expression, the liquid tends to move from regions with a high potential drop, and therefore a high charge density, to regions where the potential drop is lower. Typically, this is from strong to weak electric field regions on the electrodes. This has been observed in experiments.
IV. COMPARISON OF THEORY AND EXPERIMENTS
A. Potential drop across the double layer
Measuring the impedance of the system as a function of frequency provides information about the polarization of the double layer. In the experiments ͓4͔, the impedance was analyzed to give the average potential drop across the double layer, normalized to the applied potential.
From the linear model the normalized potential drop across the double layer for a given position and frequency is
with F(p) defined in Eq. ͑47͒ and pϭ⌳⑀x/ D . Taking a semicircular path from one electrode to the other, F(p) represents the normalized potential dropped across both double layers and 1ϪF(p) represents the normalized potential dropped across the bulk. This last function is shown in Fig. 2 ͑solid line͒. The real part of the normalized potential drop reaches a value of 0.5 at pϭ0.693, while the imaginary part has a maximum of 0.414 at pϭ0.879. Clearly, the figure shows that, for a given position, the potential is entirely dropped across the double layers at low frequencies, and that it is dropped across the bulk at high frequencies. This figure also shows an equivalent function derived from the circuit model given in Ref. ͓3͔ and used in our previous paper for comparison ͑dotted line͒. Here the system is modeled with the bulk electrolyte represented as a series of resistors following semicircular paths, terminated at either end by a distributed capacitor, representing the double layer. The surface charge density and the tangential electric field are estimated from the potential drop in the capacitors. This results in an analog of the function ⌽ at Y ϭ0 ͓Eq. ͑46͔͒ which is
in the units used in this paper. Comparing the functions, f (p) and F(p) ͑Fig. 2͒, it can be seen that they are similar, implying that the circuit model gives a good picture of the electrical problem. In the circuit model, both the point at which the real part is 0.5 and the maximum in the imaginary part occur at pϭ2/, with a value of 0.5 for the maximum. The function F(p) shows a greater dispersion than that derived from the circuit model, f ( p). In dimensional form and for the simple diffuse layer case (⌳ϭ1), the frequency scales as
Since D is proportional to Ϫ1/2 ͓Eq. ͑8͔͒, the position of the maximum of the imaginary parts are proportional to the square root of the conductivity. Experimentally, although the frequency of maximum increases with conductivity, the 1/2 dependence is not observed ͓4͔.
Measurements of the impedance presented in our previous paper were analyzed to give the normalized average of the potential drop across the bulk electrolyte. Figure 3 shows the normalized potential drop across the bulk calculated from the linear theory ͑solid line͒ together with the experimental data, for an electrolyte of conductivity ϭ0.0086 S/m. For the calculation x was chosen to be 50 m, corresponding to a point in the middle of the electrodes. While the correlation is good, the experiments show a broader relaxation process than is predicted by the linear theory.
B. Liquid motion
Equation ͑78͒ gives an estimate for the ac electro-osmotic velocity just outside the double layer, at distances of the order of the Debye length. The velocity measurements were taken at a much greater distance ͓4͔, approximately 1 m above the electrode surface. The velocity at this distance is described by a solution of the complete fluid motion equation, which in the absence of external forces reduces to the biharmonic equation for the stream function, (" 2 ) 2 ϭ0. The boundary conditions are the ac electro-osmotic velocity U at Y ϭ0, and nondivergence far from the electrodes. For solutions of the biharmonic equation ͑as for Laplace's equation͒ the horizontal and vertical scales are of the same order. Since the horizontal scale is around 25 m, the velocity at 1 m is expected to be comparable to U, except close to the edge of the electrodes. Therefore, it is valid to compare the experimental data with Eq. ͑78͒.
The ac electro-osmotic velocity can be written as
for the case ⌳ϭ1, with
For a given value of x, the velocity U is proportional to the nondimensional function H( p), which is shown in Fig. 4 . One of the important characteristics of the fluid motion observed in our previous paper was that distance and frequency appeared to be linked by one parameter. As the linear theory clearly shows for this particular geometry, this is indeed the case. The theoretical velocity plot has a bell shape, similar to the experimental results, where, for a given position, the frequency of the maximum velocity occurs at pϭ0.761, with Hϭ0.305. The bell width, defined as the mean width at half height, can also be determined. The predicted width in decades for the parameter p and also for the frequency is ⌬͑log p ͒ϭ⌬͑ log f ͒ϭ1.28.
The experimental value lies in the range 1.2-1.5.
The circuit model can also be used to estimate the velocity of liquid motion, using a formula analogous to Eq. ͑83͒:
and f ( p) is given by Eq. ͑81͒. Equation ͑85͒ predicts a velocity which varies with conductivity and voltage in the same manner as for the diffuse layer model. However, in order to obtain Eq. ͑85͒, a volume charge distribution in the diffuse layer must be assumed. In previous work ͓3͔, the diffuse layer charge was modeled as a charged surface situated at the Debye length. This model coincidentally leads to a similar result as that of the diffuse layer model. From inspection of function h(p), the maximum velocity occurs at pϭ0.637, which corresponds to a lower frequency than predicted by the diffuse layer model. The maximum velocity is predicted to be one and a half times greater than for the diffuse layer model, and with a bell width of 0.766 decades, narrower than for the diffuse layer model and the experimental data.
For an aqueous solution ͑⑀Ӎ7ϫ10 Ϫ10 F/m and Ӎ10 Ϫ3 kg/m s͒, the frequency ͑in Hz͒ of maximum velocity is
where the experimental mobilities for the ions K ϩ and Cl Ϫ ͓7͔ have been used. For ⌳ϭ1, Eq. ͑87͒ predicts a dependence with the square root of the conductivity, which is not observed experimentally. The frequency of maximum fluid velocity for the three different electrolytes ͑see our previous paper͒ is summarized in Table I . These data were measured for a point at distance of xϭ22.5 m from the center of the gap. Also shown in the table are the frequencies of maximum velocity calculated from Eq. ͑87͒ without a Stern layer ͑a͒ and with a Stern layer ͑b͒. For the latter case the capacitance of the Stern layer was set to 20 F cm
Ϫ2
, a typical value for a compact layer ͓8,14͔. The table indicates that f max increases with medium conductivity, and for the highest con- ductivity the inclusion of the Stern layer clearly has an influence on the frequency. Theoretically, f max is directly proportional to the relaxation frequency of the double layerelectrolyte impedance: this is observed experimentally ͓4͔.
For an aqueous solution, the predicted maximum velocity at position x is
for the case ⌳ϭ1. This equation predicts a peak velocity that is independent of conductivity and proportional to the voltage squared. For an applied voltage of 0.5 V and at a distance of 22.5 m from the center of the system, it predicts a velocity of 1.5ϫ10 Ϫ4 m/s. For conductivities of 2.1 and 8.6ϫ10
Ϫ3 S/m, the corresponding measured velocity was 0.35ϫ10 Ϫ4 m/s, four times smaller than the predicted value. For 1 and 2.5 V it was observed that the magnitude of the peak velocity varied with conductivity. This could be due to nonlinear effects in the diffuse double layer. For 0.5 V, a weak dependence on conductivity was observed ͑see Fig. 7 of the previous paper͒.
For the lowest conductivity electrolyte the velocity was approximately proportional to the voltage squared. This was not observed for the other two conductivities.
V. CONCLUSIONS AND FURTHER DEVELOPMENTS
A linear double layer analysis of ac electro-osmosis for perfectly polarizable electrodes has been carried out and applied to a geometry similar to the experimental system outlined in our previous paper. A thin double-layer approximation has been used to simplify the equations and an expression for the ac electro-osmotic velocity has been derived.
Theoretical predictions have been compared with the experimental results presented in our previous paper. A well defined pattern of fluid flow, moving from high to low electric field regions ͑from the electrode edge to the center͒ was observed in the experiments, as predicted. The theoretical frequency and distance dependence of velocity was similar to the experimental results. The order of magnitude of the velocity was in reasonable agreement for low voltages and conductivities. Both the experimental data and the theoretical model indicate a correlation between the frequency dependence of the velocity and the voltage drop across the double layer.
However, the model does not account for the variation of the velocity magnitude with conductivity as observed experimentally, neither does it account for the frequency dependence of peak velocity on conductivity. There are several possible explanations for this. A nonlinear analysis of the diffuse double layer may account for the conductivity dependence of the velocity magnitude. For low frequencies, the structure of the diffuse layer may be similar to the GouyChapman solution for a static double layer, with time dependent parameters. In this case, as the potential across the double layer increases the charge is pulled closer to the electrode. This reduces the effective Debye length and may reduce the fluid velocity.
In addition, in this work it was assumed that the electrodes were ideally polarizable. In reality, faradaic current flows between the electrodes and the electrolyte, a system usually modeled as a resistance in parallel with the double layer impedance ͓13,14͔. A fuller description of the double layer impedance is likely to give more accurate values for the frequencies of peak velocity. Alternatively, since the ac electro-osmotic velocity is related to the voltage drop across the double layer, the liquid velocity may be deduced from experimental measurements of the double-layer impedance. 
͑A10͒
Contrary to the case of the thin layer limit, the complete expression depends not only on the product x, but on x and , independently. In Fig. 5 the exact results for ␦ϭ0.001 with xϭ0.001 and 1 ͑the more realistic case͒, are compared with the thin layer approximation. Recalling that ␦ is the ratio between typical scales, a value of xϭ1 means that the point is placed at a distance 1000 times the Debye length from the center, while xϭ0.001 means that it is placed at one Debye length from the center. The figure shows that for values of x of order unity the complete solution and the thin layer approximation solution are fully in accordance. The figure also shows that the relevant parameter is x/␦ and, for a given position with finite x, the characteristic frequency is of the order of ␦.
